In this paper, we study the holographic s+p model in 5-dimensional bulk gravity with the Gauss-Bonnet term. We work in the probe limit and give the ∆-T phase diagrams at three different values of the Gauss-Bonnet coefficient to show the effect of the Gauss-Bonnet term. We also construct the P-T phase diagrams for the holographic system using two different definitions of the pressure and compare the results.
Introduction
The AdS/CFT correspondence [1] [2] [3] has been widely studied over the past years. As a strong-weak duality, it is believed to be a useful tool to study the strongly coupled systems in QCD [4, 5] as well as condensed matter physics. Although it is still far from the practical application, some qualitative key features has been captured, such as the phase transition behavior and optical conductivity in holographic superconductors [6] [7] [8] . Recent studies have extended the holographic models to non homogenous systems [9] , time dependent evolutions [10] [11] [12] [13] as well as systems with multiple order parameters. More and more phenomenons in real systems can be realized holographically at present.
Some physical system exhibit complex phase structures, and need to be described in models with multiple order parameters. Holographic models have also been setup to study the competition and coexistence effect between the different orders in such systems. In Ref. [14] the authors considered the competition effect of two scalar order parameters in the probe limit and found the signal of a coexisting phase where both the two s-wave order parameters have non zero value. In Ref. [15] , the authors considered two scalars charged under the same U(1) gauge field with full back reaction of matter fields on the background geometry. It turns out that the model has a rich phase structure for the competition and coexistence of the two scalar orders. In Ref. [16, 17] , the authors studied the competition and coexistence between the swave and p-wave orders. They found that the orders with different symmetry can also coexist in some situation and found that the back reaction of the matter fields on the back ground geometry can open the door to novel phase transition behaviors and rich phase structures. Further studies also extended the holographic study of competing orders to s+d systems [18, 19] . More work concerning the competition of multi order parameters can be found in Refs. [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] , and see Ref. [36] for a recent review on holographic superconductor models. In real world, there are also systems contain multi-order parameters and exhibit competition behavior in the phase structure. The superfluid Helium-3 is a well known material that suffers superfluid phase transitions at very low temperature [37] . Figure 1 is a P-T phase diagram 1 of Helium-3. We can see in this figure that there are two different superfluid phases of liquid Helium-3 labeled "A-phase" and "Bphase" respectively. The A-phase is the anisotropic p-wave superfluid phase, and the B-phase is the isotropic p+ip superfluid phase. It seems that the isotropic phase is favored at a lower temperature and lower pressure, while the anisotropic phase dominate the region with higher temperature and larger pressure. The holographic s+p system also contains an isotropic phase and an anisotropic one. Therefore it would be interesting to study the P-T phase diagram of the holographic s+p system to see whether there are some universalities between the isotropic and anisotropic superfluid phases in the P-T phase diagram.
Some recent studies have already realized P-T phase diagrams in gravitational systems. The authors of Ref. [38] have studied charged AdS black hole in the extended phase space, where the cosmological constant appears as the thermodynamic pressure and its conjugate quantity as a thermodynamic volume of the black hole [39] . The gravitational system in the extended phase space share the same critical exponents with a van der Waals system, and they have extremely similar diagrams in the P-V plane. This study has also been extended to the Einstein-Gauss-Bonnet gravity [40] , where the relation between the pressure and cosmological constant is not affected by the Gauss-Bonnet term.
There is also another definition for the pressure, which can be deduced from the stress-energy tensor of the boundary conformal fluid. This definition of pressure is different from the above one, and is more meaningful from the view point of the boundary dual CFT. Therefore, in this paper, we will construct the P-T phase diagrams using the two different ways of defining the pressure respectively, and compare the results.
This article is organized as follows. In Sec. 2 we give our model set up and shortly introduce the necessary calculations. In Sec. 3, we draw the ∆ − T phase diagrams of this model in different values of Gauss-Bonnet coefficient to see the effect of the Gauss-Bonnet term on the competition and coexistence of the s-wave and p-wave orders. We use the two different definitions of pressure to construct the P-T phase diagrams and compare the results in Sec. 4. Our conclusions and discussions are included in Sec. 5.
Holographic model of an s+p superconductor

The model setup
We still extend the SU (2) holographic p-wave model to get an s+p model for simplicity. The results in this paper can also be get form the extension of the complex vector holographic p-wave model [41, 42] as given in Ref. [17] . The action of the holographic s+p model in Einstein-Gauss-Bonnet gravity is
1)
2)
Here Ψ a is the SU(2) charged scalar triplet in the vector representation of the SU(2) gauge group, and
µν is the gauge field strength, and is given by
g c is the Yang-Mills coupling constant as well as the SU(2) charge of Ψ a .
The gravitational action with Gauss-Bonnet term admits an analytical black brane solution given by [43] 
where x i s are the coordinates of a three dimensional Euclidean space with i ∈ {1, 2, 3} and
This solution is asymptotically AdS with an effective AdS radius
The temperature of this solution is
To solve the s+p system consistently, we should in principle solve the equations of motion for the matter fields and that for the metric fields together. However, in this paper, we will study the system in the probe limit. This means that the back reaction of the matter fields on the background geometry is neglected. This limit can be realized consistently by taking the limit g c κ g . In the probe limit, we can only consider the equations of motion for the matter fields on the above gravitational space time background.
We consider the following ansatz for the matter fields
with all other field components being turned off. In this ansatz, we take A 1 µ as the electromagnetic U(1) field as in Ref. [44] . With this ansatz, the equations of motion of matter fields in the AdS black brane background read
12)
We can see Ψ 3 and Ψ x are not directly coupled in their equations of motion, and they both coupled to the same U(1) electromagnetic field. Thus we can consistently set Ψ x = 0 to get the same equations for the s-wave holographic superconductor model [45] , or set Ψ 3 = 0 to get the equations for the SU (2) p-wave holographic superconductor model [46] . We can further find solutions dual to an s+p coexistent phase with both Ψ x and Ψ 3 non-zero within some regions of the parameters m 2 and α.
Boundary conditions
To solve the equations of motion (2.11),(2.12),(2.13), we need to specify the boundary conditions both on the horizon and on the boundary. Our choice of the boundary conditions are the same as that in the individual s-wave and p-wave holographic superconductor models. We set the source term of the s-wave and p-wave order to be zero and get the spontaneously symmetry broken solutions.
The boundary behaviors of the three fields on the horizon side are
Since φ(r) is the t component of the vector field
ν at the horizon. And Eq.(2.12,2.13) impose constraints on the derivative of Ψ x (r) and Ψ 3 (r) at the horizon. So the expansions of the functions φ(r), Ψ x (r) and Ψ 3 (r) near the horizon have only three free parameters. In other words, the solutions to the equations of motion (2.11,2.12,2.13) are determined by the three parameters φ 1 , Ψ x0 and Ψ 30 .
The expansions of φ(r), Ψ x (r) and Ψ 3 (r) near the AdS boundary are of the forms
where µ, ρ are the chemical potential and the charge density, and [45]
We will choose Ψ xs and Ψ − as the source terms of the p-wave and s-wave operators respectively, therefore Ψ xe and Ψ + are the corresponding expectation values. Thus the conformal dimension of the s-wave order is
In the action of this model, we have two free parameters m 2 and α. In the horizon expansion of the three functions φ(r), Ψ x (r) and Ψ 3 (r), we have additional 3 free parameters. In order to get the solutions with spontaneous charge condensation, we should set two constraints Ψ xs = 0, Ψ − = 0 on the boundary. As a results, we have 3 free parameters left to fix the solution. These free parameters can be chosen as {∆, α, T } according to the relations (2.9),(2.17). 
Label of the solution Properties of the solution Related Phase in CFT
Solution-N φ(r) = 0, Ψ x (r) = 0, Ψ 3 (r) = 0 Normal phase Solution-S φ(r) = 0, Ψ x (r) = 0, Ψ 3 (r) = 0 s-wave superfluid phase Solution-P φ(r) = 0, Ψ x (r) = 0, Ψ 3 (r) = 0 p-wave superfluid phase Solution-SP φ(r) = 0, Ψ x (r) = 0, Ψ 3 (r) = 0 s+p superfluid phase
Different solutions and the free energy
With the boundary conditions in the above subsection, we can find solutions at different values of {∆, α, T }. At each point with fixed values of the three parameters, we can easily find a trivial solution with all the matter fields equal to zero. Besides this trivial solution, there are four kinds of solutions dual to different phases on the boundary field theory. We label the four different solutions as N, S, P and SP respectively, and list their properties and the dual phases in boundary field theory in Table 1 . Solution-N is dual to the normal phase in the boundary theory, and exist in every point in the parameter space spanned by {∆, α, T }. The other solutions are dual to superfluid phases that exist in different regions of the parameter space. These four solutions would overlap in some region, and in such region, we should compare the free energy for all the possible solutions to determine which one is the most stable. We give the formula for calculating the free energy of different solutions below.
We work in the grand canonical ensemble with fixed chemical potential and calculate the Gibbs free energy for the four solutions. The Gibbs free energy of the system can be identified with the temperature times the Euclidean on-shell action of the bulk solution. Because we work in the probe limit, the differences between the free energies only come from the matter part of the action. Thus we need only calculate the contribution of matter fields to the free energy: 18) where S M E denotes the Euclidean on-shell action of matter fields in the black brane background. Note that since we work in the grand canonical ensemble and choose the scalar operator with dimension ∆ + , no additional surface term and counter term for the matter fields are needed. It turns out that the Gibbs free energy can be expressed as
Here V 3 denotes the area of the 3-dimensional transverse space. We have calculated the Gibbs free energy for the four different phases, and confirmed that the Solution-SP is always stable once it exist. The other three phases are partly stable. With the information of the free energies for different phases, we can construct a three dimensional ∆ − α − T phase diagram for this holographic system. We can otherwise fix the value of one parameter and get a two dimensional phase diagram for simplicity.
∆ − T phase diagrams of the s+p model in varies GaussBonnet coefficient
In this section, we fix α to three different values α/L 2 = 0.0001, 0.09, −0.19, and draw the ∆ − T phase diagrams to show the effect of Gauss-Bonnet term. We choose these three special values because that there is a constrain to the Gauss-Bonnet coefficient as −7/36 < α/L 2 < 9/100 from the boundary causality [47, 48] , and the α = 0.0001L 2 phase diagram is very close to that with α = 0. Note that in order to compare the holographic system in different values of the Gauss-Bonnet coefficient, we have set L eff = 1. We will give the reason in the next section.
We give the ∆ − T phase diagram with α = 0.0001L 2 in Figure 2 , where the right one is an enlarged version of the dashed rectangle region in the left one. We can see that in this phase diagram there are four regions marked with different colors. The light purple region denote the normal phase where both the s-wave and p-wave orders do not condense. The light red region denote the p-wave superfluid phase, and the light blue region denote the s-wave superfluid phase. In these two cases, only one order of the two condense. The fourth region marked white denote the s+p phase, where both the s-wave and p-wave orders condense. This white region is between the light red and light blue regions, but it is too narrow to be seen clearly in the left figure. So we draw an enlarged version of the dashed rectangle region in the left figure on right to show more details. We can see in the enlarged figure that the s+p phase indeed exist. The ∆ − T phase diagrams with α = −0.19L 2 and α = 0.09L 2 are given in Figure 3 . We can see these two phase diagrams are qualitatively the same as that with α = 0.0001L 2 . So the effect of Gauss-Bonnet term on the phase diagram is rather simple. We can see clearly that when the Gauss-Bonnet coefficient is larger, the critical temperatures of phase transitions from the normal phase are lower, and the the value of ∆ for the quadruple intersection point is larger.
The α = 0.0001L 2 phase diagram is very close to the one with α = 0. Thus we can compare this diagram to the previous results of this model in 4-D Einstein gravity [16, 17] . Actually, we can see all the three phase diagrams with different values of α are similar, and they are qualitatively the same as the one from 4-D bulk in probe limit [16] . Thus we can see that unlike the effect of turning on the back reaction of the matter fields on the bulk metric [17] , the spacetime dimension of the bulk as well as the Gauss-Bonnet term do not bring qualitative change in this holographic s+p model.
P-T phase diagrams from Einstein-Gauss-Bonnet gravity
In the previous section, we have shown the ∆ − T phase diagrams in different values of α. In this section, we will introduce our strategy to get the P-T phase digram for the holographic s+p model.
In order to get the P-T phase diagram, we should first introduce the definition of pressure in the gravitational system. There are two different ways to define the pressure in the study of asymptotically AdS black holes. One is to define the pressure as the cosmological constant and study bulk space time in extended phase space, while the other is to define the pressure from the boundary stress energy tensor. In the following two subsections, we use the two different ways to define the pressure and construct P-T phase diagrams for the s+p model in Gauss-Bonnet gravity.
Pressure defined by the cosmological constant
The pressure of a d-dimensional gravity system can be related to the cosmological constant in the geometric units as
and the conjugate quantity is the thermodynamic volume of the system. With this treatment, one can reconsider the critical behavior of AdS black holes in an extended phase space, including pressure and volume as thermodynamic variables. In this way, the authors of Ref. [38] initiated the investigation of the P-V critical behavior of a charged AdS black hole, and found the same critical behavior and P-V diagram to that for the van der Waals liquid-gas system. The authors of Ref. [40] extended the study to Gauss-Bonnet gravity, and find that the relation (4.1) holds in Gauss-Bonnet gravity.
In this paper, we only work in the probe limit and fix the background geometry. As a result, we can not study the complete extended phase space as in Refs. [38, 40] . But we can still borrow the relation (4.1) and get a P-T phase diagram with the variation of the Gauss-Bonnet coefficient.
In this paper, we have taken d = 5. The effective AdS radius L eff is corrected to Eq. (2.8). In the AdS/CFT correspondence, the AdS radius is related to the microscopic scale of the dual boundary theory. Therefore, in order to compare the holographic systems with different values of α, the effective AdS radius L eff should be set to the same value. Thus we set L eff = 1 instead of the usual choice L = 1. As a result, the value of L, and thus the pressure differs at different values of α. We can substitute (2.8) to (4.1) and get P = 3 8πL
whereᾱ = α/L 2 is a dimensionless parameter. We can use the above relation to translate the change ofᾱ to the change of pressure P, and the three free parameters of the phase space can now be chosen as {∆, P, T}. We can draw P-T phase diagrams at different values of ∆.
We show two typical P-T phase diagrams with ∆ = 2.93 and ∆ = 2.96 in Figure 4 . We use light yellow to denote the region for the normal phase, while use light red and light blue to denote the p-wave and s-wave superfluid phases respectively. The region for the s+p phase is colored white, however it is too narrow to be seen clearly in the figures. The two dashed horizontal lines are get from the causality constraints α/L 2 > −7/36(blue) and α/L 2 < 9/100(red) via (4.2). We use light yellow to denote the region for the normal phase, while use light red and light blue to denote the p-wave and s-wave superfluid phases respectively. The region for the s+p phase is colored white, but it is too narrow to be seen clearly in these two figure. The dashed blue line is α/L 2 = −7/36 and the dashed red line is α/L 2 = 9/100.
We can see from Figure 4 that the slope of critical line between the normal phase and the superfluid phases is positive. Moreover, the the p-wave phase is favored in the region with higher temperature and pressure, while the isotropic s-wave phase dominate the region with lower temperature and pressure. These qualitative features are very similar to that of the superfluid Helium-3, where the anisotropic p-wave phase is favored in the region with higher temperature and pressure, and the isotropic p+ip phase dominate the region with lower temperature and pressure.
However, this definition of pressure is based on considering the whole bulk spacetime as a thermodynamic system. We can check that the unit of this pressure is that in a 4+1 dimensional spacetime. Therefore the phase diagrams in Figure 4 are only meaningful for the gravitational system. However, remember that the s-wave phase and p-wave phase are concepts from the conformal field theory, thus in this case, physical meanings of the s-wave phase and p-wave phase in the P-T phase diagram for a gravitational system are not clear.
Pressure defined by the energy momentum tensor
We have successfully got the P-T phase diagram in the above subsection. However, we should notice that the pressure in the above subsection is defined in the 4+1 dimensional gravitational system. We can check the dimension of this pressure to confirm this. Therefore the phase diagrams in Figure 4 are only meaningful for the gravitational system, but not for the boundary CFT. A solution to this problem is to define the pressure from the boundary CFT point of view.
In the AdS/CFT correspondence, the pressure of the conformal field theory can be calculated from the boundary stress energy tensor in asymptotically AdS spacetime. In 5-dimensional Einstein-Gauss-Bonnet gravity with negative cosmological constant, the boundary stress energy tensor can be calculated by the variation of the total action(including the Gibbs-Hawking term and boundary counter terms) with respect to the boundary induced metric [49] [50] [51] [52] [53] 
where K ab is the extrinsic curvature of the boundary,R ab is the Ricci tensor calculated by the boundary induced metric γ ab , and
The stress energy tensor τ ab of the conformal field theory dual to the asymptotically AdS bulk can be obtained through the following relation [50] √ −hh
where h ab is the background metric on which the dual conformal field theory live. We can choose the metric h ab to be the Minkowski metric
therefore the final expression for the energy momentum tensor for the conformal field theory dual to the spacetime(2.6) can be written in the form of a perfect fluid as
We can get the formula for the pressure of the dual CFT from the spacial components of the stress energy tensor. In this paper, we work in probe limit, which means the bulk metric would not be affected by the matter fields. As a result, we can always get an isotropic pressure in different phases as
This definition of pressure is standard in the study of AdS/CFT, and is different from that in (4.1). One can easily check that the dimension of this pressure is consistent with that in fluid system living on 3+1 spacetime. Therefore, if we want to study The color codes here are the same as that in Figure 4 .
the phase structure of the boundary CFT, we would better use the definition in this subsection.
We use this definition of pressure to construct the P-T phase diagrams with ∆ = 2.93 and ∆ = 2.96 for our holographic system in Figure 5 . We can see in this figure that the s+p phase between the s-wave phase and the p-wave phase is still too narrow to be seen clearly, this is similar to the results in the first subsection. However, in Figure 5 , the normal phase dominate the region with lower temperature and higher pressure, while the superfluid phases are favored in higher temperature and lower pressure region. This result is quite different from that in Figure 4 as well as the Helium-3 system.
We also draw the two dashed lines to mark the causality bound α/L 2 > −7/36 (blue) and α/L 2 < 9/100(red). We can see that the curves with constant α are not horizontal lines as in Figure 4 . This is because that the pressure in the conformal fluid depends on the temperature. We can substitute (2.9) into the formula of pressure (4.9) and get
We can see from (4.10) that the pressure is proportional to T 4 , as a result, the constant α curves in the P-T phase diagrams are no longer horizontal. Moreover, we can see at a constant temperature T , the pressure is now proportional to L 6 , and thus increase while α is increasing. Therefore, the red dashed line is now above the blue dashed line, and the superfluid phases are in the high temperature and low pressure region.
The two ways to construct P-T phase diagrams
In the rest of this section, we compare the two different definitions of pressure and the resulting phase diagrams.
The first definition of the pressure is from the bulk gravitational point of view. When we treat the asymptotically AdS black brane as a thermodynamic system and study it in an extended phase space, we can define this pressure. The dimension of this pressure is also consistent with the one in 4+1 dimensional space time. Therefore in the phase diagrams using this definition of pressure, the phases can be understood as different phases of the bulk black brane. We still use the concepts "normal phase", "s-wave phase", "p-wave phase" and "s+p phase" from the dual field theory, but we should remember that these phases are phases of black brane when we talk about the P-T phase diagrams with this definition of pressure. The phase diagrams are qualitatively similar to that of Helium-3 system, but the physical meanings of the different phases in the gravitational system are vague.
If we want to construct the P-T phase diagrams of the dual field theory, we should define the pressure as in the second subsection. This definition of pressure from energy momentum tensor is the standard one in the study of gauge/gravity duality. Thus in the phase diagrams in Figure 5 , we can discuss the different phases in boundary field theory. The phase structure in Figure 5 is quite different from that in Figure 4 . The superfluid phases in Figure 4 are in the region with lower temperature and higher pressure, while these superfluid phases in Figure 5 are in the region with higher temperature and lower pressure.
Conclusions and discussions
In this paper, we studied the holographic s+p model in 5-dimensional Einstein-GaussBonnet gravity in probe limit. We found that the phase transition behaviors and ∆−T phase diagrams in different values of Gauss-Bonnet coefficient are qualitatively the same as the results in 4-dimensional Einstein gravity. The effect of Gauss-Bonnet term on the phase diagram is rather simple. When the Gauss-Bonnet coefficient is larger, the critical temperatures of phase transitions from the normal phase are lower, and the the value of ∆ for the quadruple intersection point is larger.
In addition, with L eff = 1, we constructed the P-T phase diagrams using two different ways of defining the pressure. One definition is the one used in recent study of the P-V-T criticality of the black hole systems, the other is the standard definition from the energy momentum tensor of the boundary field theory. We found that with the first definition, the P-T phase diagrams of this holographic model share similar properties to that of the liquid Helium-3 system, but this definition of pressure is only well defined in the gravitational system. With the second definition of pressure, we can get P-T phase diagrams for the boundary field theory, but the structure of the phase diagrams are quite different from the diagrams with the first definition of pressure.
In this paper, we focused on the phase structure of the system, and haven't drawn figures to show the condensation behavior and free energies. But one can still get the qualitative condensation behavior at fixed values of ∆ and α from the horizontal lines in the phase diagrams. The condensation behaviors of s-wave and p-wave orders are the same as that from the 4-dimensional bulk space time in probe limit, as was shown in Ref. [16] . We have also checked the free energy of the different cases, and the s+p phase is always stable.
There are still many limitations in this study. The most obvious one is that in order to get the P-T phase diagrams, we use Gauss-Bonnet coefficient to tune the pressure while fixing the value of L eff . Therefore, the causality constrain on Gauss-Bonnet coefficient also impose a strange constrain in the P-T phase diagrams. More over, the Gauss-Bonnet coefficient is a model parameter rather than a state parameter, thus the way we get the P-T phase diagram may be not quite rigorous. Another limitation is that we only work in probe limit, where the background metric is not affected by the condensation of matter fields. As a result, the pressure of the system is always isotropic in any of the phases including the p-wave one.
To solve the above problems, we need to construct the P-V phase diagram with considering the back reaction of the matter fields on the metric. In that case, we can work in extended phase space to show the P-V-T critical behavior of the holographic s+p model. Moreover, we can study the anisotropy of the pressure in the p-wave and s+p phases. We can also compare the P-T phase diagrams from different methods and get more clues. Finally, we can try to combine the study on the superfluid phase transitions together with the liquid-gas phase transition in holographic models from asymptotically AdS blackholes with spherical horizon, there we might get a more complete P-T phase diagram unifying both the superfluid phase transitions and the liquid gas phase transition. These work are left for our future study.
